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 a + ie
 
: From the point of view of the instanton, this is the \electric" picture, in
which the instanton would be seen as an \elementary" source coupled to the RR eld a:
1
To realize the instanton in its usual form as an extended solution of the source-free eld equations requires




















The nonlocal relationship between the elds a and C
8

















denotes the usual Hodge dual. This relation is metric dependent and







































































so that, for Lorentzian signature, the substitution results in a wrong sign kinetic energy. However, the
equations of motion (EOM) determined from these two actions are mapped into each other (again, only for
Lorentzian signature). Duality is a property of the EOM, not of the action.















The EOM in the C
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These EOM are formally valid for either LS or ES. For LS, under the substitution eq. (6), the latter equations
become the former.
3
If, on the other hand, we consider these same two Lagrangians for Euclidean signature, then they are
mapped into one another under the formal substitution eq. (6), but the EOM are not. To see this explicitly,








The notion of an \elementary" instanton is rather radical, but in this case, the source is to be interpreted as a boundary
condition.[4]
2
Here, we have assumed even space-time dimension since we are primarily interested in D = 10.
3
Because the metric in the Einstein frame is not transformed by SL(2,R), we have suppressed Einstein's equations here. The
instanton solution of course satises all the EOM.[4]








The Bianci identify dF
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b) = 0: (14)
If we compare eqs. (13) and (14) with eq. (10), we see that the EOM for ES for the scalar b is the same
as if we replaced a by ib. For this reason, it is sometimes stated that the pseudoscalar a ! ia under a
Wick rotation.[7] This mnemonic is misleading, because this rule may only be used to obtain the form of
the Euclidean EOM and not for the value of the action nor for variations of the action other than rst order









































Nor are variational derivatives beyond the rst correctly generated by eq. (15). For these reasons, we will
refer to eq. (15) as the pseudo-action.
Given the clash between the EOM for Euclidean Signature in the dual formulations, it is not so clear
that the instanton can be represented as an \elementary" excitation for eqs. (3) and (4). In particular, the
SL(2,R) symmetry of Eq. (2) is not obviously a Noether symmetry of the pseudoaction eq. (15). Of course,
any given instanton, like any other D-brane, will break the symmetry owing to its collective coordinates such
as its origin. Whether dierent instantons solutions are related by an SL(2,R) transformation is not at all
clear.
The symmetry of the solutions of the magnetic EOM's are the same as the symmetries of the pseudo-
actioneq. (15). Even though this is not the true action, it suÆces to examine whether this action possesses
an SL(2,R) symmetry. Moreover, since conserved currents only depend on the EOM, the symmetries of
the pseudo-action may be used to determine them via the usual Noether procedure. In order to see that











is SL(2,R) invariant if W and Z are any two (real or complex) scalar elds that transform by the modular





Z, where (W   Z) !
W Z
(rW+s)(rZ+s)





For the pseudo-action eq. (15), SL(2,R) is realized by taking W = i(b + e
 
); Z = i(b   e
 
).
(Requiring W&Z to transform by eq. (2), one may deduce the transformation properties of b and e
 
.) In
other words, SL(2,R) symmetry is in a sense preserved is by the replacement of a! ib, provided one makes
the replacement in  and 

independently. This may be seen as an automorphism of the original SL(2,R)
which may be obtained by the formal replacement q ! iq; r! ir; with ps   qr = 1 as before.
4
Because p; q; r; s are real,  and 

transform the same way.
4For completeness, let us record the three SL(2,R) currents for each form. In the original form eq. (3), we


























The motivation for the particular choices here is that J
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; a ! e
 
a. The third is inherently non-linear. We may express these in a more familiar













] =  iJ: (21)
















































These of course are only conserved for the source-free EOM in either case.
All the instanton solutions obtained in Ref. [4] are related to each other by SL(2; R): Thus, any change
in the three integration constants discussed there may be interpreted as an SL(2,R) transformation. These
relations and currents are useful for understanding the role of the instantons and the properties of the ground
state. However, inasmuch as variations higher than the rst are not correctly obtained from the pseudoaction,
it remains for future work to determine the implications of this symmetry for transition amplitudes mediated
by instantons.
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